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Abstract
There is a complex conformal transformation, which maps the D–
dimensional real Minkowski space on a bounded set in the D–dimen-
sional complex vector space. It generalizes the Cayley map from D = 1
dimensions to higher space-time dimensions. This transformation pro-
vides a very convenient coordinate picture for Conformal Field The-
ories called compact picture. In this paper we extend the compact
picture coordinates for superconformal field theories in four space-time
dimensions.
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1. Introduction
The Cayley map, R ∋ t 7→ t−i
t+i
∈ S1, which embeds the real line into
the unit circle is convenient tool in the chiral (one-dimensional) conformal
field theory. In analogy to this map, there is a complex conformal trans-
formation (2.9) (for real ζ) which maps Minkowski space M ≡ R3,1 into
(S1 × S3)/Z2 =: M , that is isomorphic copy of the so called (conformally)
compactified Minkowski space. The latter is a homogeneous space for the
connected conformal group SO0(4, 2). A quantum field theory with global
conformal invariance (GCI QFT), as defined in [NT01], is naturally extended
on M . For the compactified complex Minkowski space there is a specific
choice of coordinates which are global for the real M . These provide a co-
ordinate frame for the so called compact picture, introduced and generalized
in [T86] and [NT02], respectively. In this work the term “compact picture”
will be used to refer to the above mentioned coordinates themselves.
The compact picture provides many useful features. First, there is an
analog of the time coordinate - the conformal time. Its shift is a confor-
mal transformation generated by the so called conformal Hamiltonian. As a
consequence of the compactness, the latter has a discrete spectrum that
corresponds to the scaling dimensions of the fields (since the conformal
Hamiltonian is conjugated by a complex conformal transformation to the
generator of dilatations in Minkowski space).
There is another physical reason to consider a QFT in compact picture.
It is related to the fact that the universal covering of M is R × S3 - the
Einstein universe, which under certain limit process locally approximates
the Minkowski space [S71].
After quantization of the theory one has to decompactify the confor-
mal time axis (the S1 part of M), but the spectrum of the the conformal
Hamiltonian remains discrete and only its eigenvalues are changed, what
corresponds to the so called anomalous scaling dimensions. This fact and
the compactness of the space (the S3 part of M ) facilitates the construction
of perturbation theory. In particular, the infrared problems and the on-shell
passage on a Hilbert space is expected to be much more easy and manifest.
The compact picture has been used in [Nik05] in the establishing of
the equivalence between GCI QFT and the conformal vertex algebra in 4
dimensions, and latter in [Ned15] where we propose a generalization for the
case of superconformal symmetry.
To our knowledge, there is no perturbative QFT in compact picture.
Probably this is related to the fact that for many field theories the conformal
invariance which they have on a classical level is broken after quantization,
and so we will not be able to pass to the real Minkowski space. However,
for some superconformal field theories it has been proven that they remain
perturbatively conformal invariant. (For example, N = 4 super Yang-Mills
theory [SW81, M83].) Thus, it should be possible their formulation in com-
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pact picture.
The paper is organized as follows. In the first section we make a short
introduction of the compact picture, based on [Nik05]. The Second sec-
tion describes the relation of complex Minkowski space and compact picture
coordinates (identified with C4) to the Grassmannian Gr(2,C4). Detailed
view of the identification of the Grassmannian coordinates as a conformal
compactification of the complex Minkowski space can be found in [V04,
Sect.3.3]. In the third section we define a compact picture (CF. (4.1)) for
the case with superconformal symmetry and give the transition (CF. (4.4))
to the complex super Minkowski space.
We aim in future works to exploit the compact picture developed here for
a suitable formulation of the reality (unitarity) conditions for superconformal
field theories, and furthermore, provide a Hilbert space construction for these
theories.
2. Compact Picture on Minkowski Space
The compact Minkowski space M is a homogeneous space for the conformal
group G ∼= SO0(4, 2) 1 in R3,1. By the Klein-Dirac construction it can be
defined as M = Q/R∗, where
Q = {~ξ ∈ R4,2\0 ~ξ 2 ≡ ~ξ.~ξ := −ξ2−1 − ξ20 + ξ21 + ξ22 + . . .+ ξ24 = 0} . (2.1)
M is characterized by the stabilizer group Gp of a point p ∈ M . The
stabilizer is isomorphic to the Poincare` group with dilatations and have an
Abelian normal subgroup, Np, isomorphic to the group of translations.
Let, for p ∈M , Kp be the light cone with tip at p, i.e. the set of all rays
in M orthogonal to the ray p, with the respect to the metric of R4,2. Kp is
invariant with respect to the action of Gp and the action of Gp splits M in
two orbits: one closed, Kp\{p}, and one open, M\Kp. The relation q ∼ p,
defind as “q and p are orthogonal”, is symmetric and G – invariant.
The group Np acts free and transitively on the open Gp – orbit M\Kp.
Thus, we get an isomorphism
Np ∼=M\Kp, t 7→ t(q). (2.2)
Every pair of mutually nonisotropic (i.e. nonorthogonal) points (rays) q, p ∈
M defines a chart in M [Nik05, Appendix A]. This chart is isomorphic to
Np. We will call p “a tip of the cone at infinity” and q - presents the center
for the chart.
All these constructions are naturally transfered to the complex case,
where G is replaced by GC ∼= SO0(6,C) that is acting on the complexified
compact Minkowski space MC = QC/C
∗, where QC is the complexification
1It is not a problem to set G to be equal to the universal cover of SO0(4, 2).
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of (2.1). In this case the stabilizer of a point p ∈MC has an Abelian normal
subgroup NC,p ∼= C4. In such a way one defines a special (analytic and
algebraic) atlas on MC. The compact picture is a chart of the above type,
such that p = q∗, with respect to the conjugation ∗ that defines the real
structure, and q is chosen in the future tube (2.5).
Let {~e−1, ~e0, ~e1, . . . , ~e4} be the standard pseudo-orthonormal basis of
C
4,2. We shell define two charts, the first one will correspond to the complex
Minkowski space, and the second one is the compact picture.
1. Chart corresponding to complex Minkowski space:
Let p = {λ~ξ∞}, where ~ξ∞ := ~e4−~e−1, be the “tip of the cone at infinity”
and q = {λ~ξ0}, with ~ξ0 := 12(~e4 + ~e−1), be the “center” of the chart. We
construct the correspondence
MC ∋ ζ =
3∑
ν=0
ζνeν 7→ ~ξζ = 1 + ζ
2
2
~e−1 +
3∑
µ=0
ζµ~eµ +
1− ζ2
2
~eD, (2.3)
whereMC is the complex Minkowski space with {eµ}3µ=0 a pseudo orthonor-
mal basis in it. To a point {λ~ξ} ∈Mp,q, with representative ~ξ, corresponds a
point ζ ∈ MC with coordinates ζµ = 1~ξ∞.~ξ ξ
µ. (~ξ∞.~ξ 6= 0, since by definition
~ξ /∈ Kp.)
2. Compact picture coordinates:
Let v = {λ~η∞}, where ~η∞ := i~e0−~e−1, be the “tip of the cone at infinity”
and w = {λ~η0}, ~η0 := 12(i~e0+~e−1), - the“center”. It is clear that ~η0 and ~η∞
are complex conjugate to each other and ~η0 ∼ ~ξie0 . The point ie0 ∈ MC is
in the future tube2,
T+ :=
{
ζ = x+ iy , x, y ∈M ∣∣ y2 < 0 y0 > 0} . (2.5)
The correspondence between this chart and C4 is
C
4 ∋ z = zµfµ 7→ ~ηz = 1 + z
2
2
~e−1 +
1− z2
2
i~e0 + z
µ~eµ , (2.6)
where {fµ} is an orthonormal C4 basis. Since in this paper we are mainly
interested in the compact picture coordinates, we shell apply the Einstein
summation rule for repeating upper and down indices running from one to
four, like in (2.6). In the Minkowski space case with indices running form
zero to three, we will explicitly write the summation, like in (2.3).
2The future tube (2.5) and the past tube
T
− :=
{
ζ = x+ iy , x, y ∈M
∣∣ y2 < 0 − y0 > 0
}
(2.4)
are homogeneous spaces for the connected real conformal group.
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The transition between the charts is given by the conformal transforma-
tion
Γ = exp(−iπ
2
Ω0,4) (2.7)
followed by the change ζ 7→ (−izD, z1, . . . , z4−1). In terms of the coordinates
ζ and z, the transition functions are:
ζ0 =
i
2
1− z2
1+z2
2
+ z4
, ζ =
z
1+z2
2
+ z4
, (2.8)
z4 =
1
2
1− ζ2
1+ζ2
2
− iζ0
, z =
ζ
1+ζ2
2
− iζ0
. (2.9)
In the compact picture the real compactified Minkowski space, M , cor-
responds to the set of points whose coordinates satisfy the reality condition
z∗ = z, where z∗ := z
z2
and z = (zµ) stands for componentwise complex
conjugation of the vector z = (zµ). Note that
~ηz∗ = (
1
z2
~ηz) (2.10)
3. Compact picture and Grasssmannian model of M
The action of the conformal group G on the Minkowski spaceM is nonlinear.
By the Klein-Dirac representation of M as Q/R we linearize the problem
and induce the nonlinear action from the linear action of S00(4, 2) on R
4,2.
This realization in the complex case further simplifies the conjugation of
the compact picture coordinates. The nonlinear formula is replaced in the
Klein-Dirac realization by the projective linear map (2.10).
In four-dimensional space-time there is another well known linearizing
construction – the Grassmannian model of MC, which we will preview in
this section with respect of the compact picture point of view. Here the
realization of MC is given by the space of the complex plains in C
4, i.e. the
Grassmannian manifold Gr(2,C4). It is a homogeneous space for SL(4,C)
and Gr(2,C4) ∼= H2\SL(4,C), where
H2 = {h ∈ SL(4,C) | h is of type
(
A 02×2
B C
)} . (3.1)
Thus, the elements of Gr(2,C4) are right cosets
H2
(
A1 A2
A3 A4
)
,
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A1, A2, A3, A4 are 2×2–matrices, such that the block matrix that they form
belongs to SL(4,C). For z ∈ C4 we introduce notation
z˜ :=
3∑
k=1
zk(Σ¯k) + z4(Σ¯4) =
(
iz1 − z2 −iz3 + z4
−iz3 − z4 −iz1 − z2
)
, (3.2)
with Σ matrices given in (A.10).(The bar over the Σ-s does not mean com-
plex conjugation.) C4 is identified with a chart in the Grassmannian:
C
4 ∋ z 7→ H2
(
1 z˜
0 1
)
, (3.3)
which corresponds to the compact picture from the previous section.
The action of the proper conformal transformations in the compact pic-
ture now is given as a transposed right action of the corresponding elements
of SL(4,C). Thus, to the transformation (2.9) corresponds the right multi-
plication of (3.3) with the transposed of the matrix
Γ−1 = exp(i
π
2
Ω0,4) =
1√
2
(
12×2 −α
−α 12×2
)
, where α =
(
0 1
−1 0
)
,
followed by the change z 7→ (ζ1, ζ2, ζ3, iζ0) . This gives transition to a chart
H2
1√
2
(
1+ ζ˜α α+ ζ˜
α 1
)
, (3.4)
identified with the complex Minkowski space. In (3.4) we use the notion
ζ˜ := iζ0(Σ¯4) +
3∑
k=1
ζk(Σ¯k) =
(
iζ1 − ζ2 −iζ3 + iζ0
−iζ3 − iζ0 −iζ1 − ζ2
)
. (3.5)
For det(1+ ζ˜α) ≡ 1+ζ2
2
− iζ0 6= 0 we can write (3.4) as
H2
(
1
α+ζ˜
1+ζ˜α
0 1
)
, (3.6)
thus getting the relation z˜ = α+ζ˜
1+ζ˜α
equivalent to (2.9).
4. Super Minkowski space and compact picture
We aim to generalize the compact picture for the super Minkowski space in
analogy to the previous section. We are using the setting of [HH95], where
complexified compactified super Minkowski space is realized as a flag su-
permanifold, which is a homogeneous space for the complex superconformal
group.
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Consider the superspace C4|4N , where the even coordinates are the z
coordinates of the compact picture and odd coordinates χαA, χ¯
A
α˙ (the bar
used here is not a complex conjugation), A = 1, 2, . . . , N , α = 1, 2, α˙ =
1˙, 2˙ are such that for a fixed A, they transform under (1/2, 0) and (0, 1/2)
representations of so(4), respectively.
The identification (3.3) has a generalization in the case of extended su-
perconformal symmetry. Now, instead of the Grassmannian, we have flag
supermanifold F2|0,2|N (4|N), i.e. the space of all sequences of subspaces
C
2|0 ⊂ C2|N in C4|N . This flag supermanifold is a homogeneous super-
space for the SL(4|N,C)-the N-extended complex superconformal group:
F2|0,2|N (4|N) = H2|0,2|N\SL(4|N), where the stabilizer H2|0,2|N is SL(4|N)–
subgroup of supermatrices with block structure A2×2 02×2 02×NB2×2 C2×2 E2×N
DN×2 0N×2 FN×N
 .
Let introduce the notations
χ :=
(
χ1
1
... χ1
N
χ2
1
... χ2
N
)
, χ¯ :=
 χ¯11˙ χ¯12˙... ...
χ¯N
1˙
χ¯N
2˙
 , Z˜ := z˜ + 2χχ¯ .
Then C44N is identified with an open set in F2|0,2|N (4|N) by the map
(z1, z2, z3, z4;χ11, . . . , χ
1
N , χ
2
1, . . . , χ
2
N , χ¯
1
1˙
, . . . , χ¯N
1˙
, χ¯1
2˙
, . . . , χ¯N
2˙
)
7−→
H2|0,2|N
 12×2 Z˜ −2χ02×2 12×2 02×N
0N×2 −2χ¯ 1N×N
 . (4.1)
The corresponding action of SL(4|N,C) on F2|0,2|N (4|N) is given by right
transposed matrix multiplication. Using (A.7), (A.13) and (A.11) we can
write Γ−1 = exp(iπ
2
Ω0,4) as a superconformal transformation:
Γ−1 =
 1√212×2 − 1√2α 04×N− 1√
2
α 1√
2
12×2
0N×4 1N×N
 ∈ SL(4|N,C) . (4.2)
Its action on (4.1), followed by the change z 7→ (ζ1, ζ2, ζ3, iζ0), χαA = eiφ θαA,
χ¯Aα˙ = e
iφ θ¯Aα˙ , φ ∈ R, gives
H2|0,2|N

1√
2
(12×2 + Z˜Mα) 1√
2
(α+ Z˜M ) −2eiφ θ
1√
2
α 1√
2
12×2 02×N
−2√
2
eiφ θ¯α −2√
2
eiφ θ¯ 1N×N
 . (4.3)
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Thus, the transition to the extended super Minkowski space is
Z˜ = (1 + Z˜Mα)
−1(α+ Z˜M ) , χ = −2
√
2(1 + Z˜Mα)
−1eiφθ ,
χ¯ =
√
2
(−4e2iφθ¯α(1 + Z˜Mα)−1θ + 1)−1eiφθ¯((1 + Z˜Mα)−1(α+ Z˜M )− 1) ,
(4.4)
where
θ :=
(
θ1
1
... θ1
N
θ2
1
... θ2
N
)
, θ¯ :=
 θ¯11˙ θ¯12˙... ...
θ¯N
1˙
θ¯N
2˙
 , Z˜M := ζ˜ + 2e2iφθθ¯ .
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Appendix A. Notations and conventions
A.1. Conformal algebra
In our construction we have naturally four bases for the conformal Lie al-
gebra: the so(4, 2) basis, two bases adapted to the conformal action in the
chatrs described in Sect.2 and sl(4) basis related to the conformal action on
the Grassmannian in Sect.3.
1. so(4, 2) basis for the conformal Lie algebra:[
Ωa,b, Ωc,d
]
= ηa,cΩb,d + ηb,dΩa,c − ηa,dΩb,c − ηb,cΩa,d , (A.1)
Ωa,b = −Ωb,a , a, b, c, d = −1, 0, 1, . . . , 4 , η = diag(−1,−1, 1, 1, 1, 1) .
For a < b, Ωa,b are realized as matrices with elements
(Ωa,b)
c
d =

−δacδbd + δbcδad, for a, b = 1, 2, 3, 4 ;
δacδbd − δbcδad, for a, b = −1, 0 ;
−δacδbd − δbcδad, for a = −1, 0, b = 1, 2, 3, 4 .
2. For the complex Minkowski space:
Generators P,K, J,,D, which generate,respectively, the translations, spe-
cial conformal transformations, rotations and dilatations in the complex
Minkowski space.[
D, D
]
=
[
D, Jµ,ν
]
=
[
Pµ, Pν
]
=
[
Kµ, Kν
]
= 0 ,[
Jµ,ν , Jρ,σ
]
= −i(ηµ,ρJν,σ + ην,σJµ,ρ − ηµ,σJν,ρ − ην,ρJµ,σ) ,[
Pµ, Kν
]
= −2i(ηµ,νD − Jµ,ν) ,
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[
Jµ,ν , Pγ
]
= −i(ηµ,γPν − ην,γPµ) , [Jµ,ν , Kγ] = −i(ηµ,γKν − ην,γKµ) ,[
D, Pµ
]
= −iPµ ,
[
D, Kµ
]
= iKµ , (A.2)
µ, ν, ρ, γ, σ = 0, 1, 2, 3 .
3. For the compact picture chart:
Generators T,C,Ω,,H - generating, respectively, the translations, special
conformal transformations, rotations and dilatations in the compact picture.[
H, H
]
=
[
H, Ωµ,ν
]
=
[
Tµ, Tν
]
=
[
Cµ, Cν
]
= 0 ,[
Ωµ,ν, Ωρ,σ
]
= δµ,ρΩν,σ + δν,σΩµ,ρ − δµ,σΩν,ρ − δν,ρΩµ,σ ,[
Tµ, Cν
]
= 2
(
δµ,νH −Ωµ,ν
)
,[
Ωµ,ν , Tγ
]
= δµ,γTν − δν,γTµ ,
[
Ωµ,ν , Cγ
]
= δµ,γCν − δν,γCµ ,[
H, Tµ
]
= Tµ ,
[
H, Cµ
]
= −Cµ , (A.3)
µ, ν, ρ, σ = 1, 2, 3, 4.
4. Realization as sl(4,C) algebra:[
Eαβ , E
γ
σ
]
= δασ E
γ
β − δγβ Eασ ,
[
Eα˙
β˙
, Eγ˙σ˙
]
= δα˙σ˙ E
γ˙
β˙
− δγ˙
β˙
Eα˙σ˙ ,[
Eαβ , E
γ˙
σ
]
= δασ E
γ˙
β ,
[
Eα˙
β˙
, Eγ˙σ
]
= −δγ˙
β˙
Eα˙σ ,[
Eαβ , E
γ
σ˙
]
= − δγβ Eασ˙ ,
[
Eα˙
β˙
, Eγσ˙
]
= δα˙σ˙ E
γ
β˙
,[
Eα
β˙
, Eγ˙σ
]
= δασ E
γ˙
β˙
− δγ˙
β˙
Eασ , (A.4)
and the generators satisfy ∑
α
Eαα +
∑
α˙
Eα˙α˙ = 0 , (A.5)
α, β, γ, σ = 1, 2, α˙, β˙, γ˙, σ˙ = 1˙, 2˙. The matrix realization of Eαβ , E
α˙
β˙
, Eα
β˙
, Eα˙β
is as in (A.11), with the only difference that now the elementary matrices
eij are 4× 4 .
The relations of the generators used in point 1 to those used in points
2,3,4 are:
iPµ = −Ω−1,µ − Ωµ,4 , iD = Ω−1,4 ,
iKµ = −Ω−1,µ +Ωµ,4 , iJµ,ν = Ωµ,ν , µ, ν = 0, 1, 2, 3. (A.6)
Tµ = iΩ0,µ − Ω−1,µ , H = iΩ−1,0 ,
Cµ = −iΩ0,µ − Ω−1,µ , Ωµ,ν = Ωµ,ν , µ, ν = 1, 2, 3, 4. (A.7)
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Eαβ =
1
2
(
iδαβΩ−1,0 − (Σµ,ν)αβΩµ,ν
)
, Eα
β˙
= −1
2
(Σ¯µ)α
β˙
(−iΩ0,µ − Ω−1,µ) ,
Eα˙
β˙
= −1
2
(
iδα˙
β˙
Ω−1,0 − (Σ¯µ,ν)α˙β˙Ωµ,ν
)
, Eα˙β = −
1
2
(Σµ)α˙β
(
iΩ0,µ − Ω−1,µ
)
,
(A.8)
with Σ-matrices as given in (A.10) and µ, ν = 1, 2, 3, 4 .
An element of the connected with the unit component of the complex
conformal group is given by exp(1
2
σa,bΩb,a), exp
(
i(
3∑
µ=0
pµPµ +
3∑
µ=0
kµKµ +
γD+ 1
2
3∑
µ,ν=0
jµ,νJν,µ)
)
, exp(tµTµ+ c
µCµ+hH+
1
2
ωµ,νΩν,µ) and exp(e
α
βE
β
α+
eα
β˙
Eβ˙α+eα˙βE
β
α˙+e
α˙
β˙
Eβ˙α˙), corresponding to the realizations 1,2,3 and 4, respect-
fully.
A.2. Extended superconformal Lie algebra
a) Realization with set of generators adapted to the compact picture:
In addition to generators used in point 3. and their commutation rela-
tions (A.3), there are odd generators: QAα , Q¯
α˙
A, S
α
A, S¯
A
α˙ ; even generators:
U(1)-generator R and AAB, A,B = 1, 2, . . . N , spanning the Lie algebra
sl(N,C).
The remaining nonzero commutation relation are:[
QAα , Q¯
β˙
B
]
= 2 δAB (Σ
µ)β˙α Tµ ,
[
SαA, S¯
B
β˙
]
= 2 δBA (Σ¯
µ)α
β˙
Cµ ,
[
Ωµ,ν , Q
A
α
]
= (Σµ,ν)
β
α Q
A
β ,
[
Ωµ,ν , Q¯
α˙
A
]
= −(Σ¯µ,ν)α˙β˙ Q¯
β˙
A ,[
H, QAα
]
=
1
2
QAα ,
[
H, Q¯α˙A
]
=
1
2
Q¯α˙A ,[
Cµ, Q
A
α
]
= −(Σµ)β˙α S¯Aβ˙ ,
[
Cµ, Q¯
α˙
A
]
= (Σµ)
α˙
β S
β
A ,[R, QAα ] = 12 QAα , [R, Q¯α˙A] = −12 Q¯α˙A ,[ABC , QAα ] = −(δAC QBα − 1N δBC QAα ) , [ABC , Q¯α˙A] = (δBA Q¯α˙C − 1N δBC Q¯α˙A) ,[
Tµ, S
α
A
]
= (Σ¯µ)
α
β˙
Q¯β˙A ,
[
Tµ, S¯
A
α˙
]
= −(Σ¯µ)βα˙QAβ ,[
Ωµ,ν , S
α
A
]
= −(Σµ,ν)αβ SβA ,
[
Ωµ,ν , S¯
A
α˙
]
= (Σ¯µ,ν)
β˙
α˙ S¯
A
β˙
,[
H, SαA
]
= −1
2
SαA ,
[
H, S¯Aα˙
]
= −1
2
S¯Aα˙ ,[R, SαA] = −12 SαA , [R, S¯Aα˙ ] = 12 S¯Aα˙ ,[ABC , SαA] = (δBA SαC − 1N δBC SαA) , [ABC , S¯Aα˙ ] = −(δAC S¯Bα˙ − 1N δBC S¯Aα˙ ) ,
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[AAB , AA1B1] = δAB1 AA1B − δA1B AAB1 , N∑
A=1
AAA = 0 ,
[
QAα , S
β
B
]
= −2 δAB
(
δβαH − (Σµ,ν)βα Ωµ,ν
)− 4 δβαAAB + 2( 4N − 1)δAB δβαR ,[
Q¯α˙A, S¯
B
β˙
]
= 2 δBA
(
δα˙
β˙
H + (Σ¯µ,ν)α˙
β˙
Ωµ,ν
)− 4 δα˙
β˙
ABA + 2
( 4
N
− 1
)
δBA δ
α˙
β˙
R ,
(A.9)
with Σ-matrices defined as:
(Σµ)α˙β = (σ¯
µ
E)
α˙γεγ β , (Σµ,ν)
γ
α = −
1
4
(
(Σ¯µ)
γ
β˙
(Σν)
β˙
α − (Σ¯ν)γβ˙(Σµ)
β˙
α
)
,
(Σ¯µ)α
β˙
= εαγ(σµE)γ β˙ , (Σ¯µ,ν)
α˙
γ˙ = −
1
4
(
(Σµ)
α˙
β(Σ¯ν)
β
γ˙ − (Σν)α˙β(Σ¯µ)βγ˙
)
,
where εαγ (ε
12 = −ε21 = −ε12 = ε21 = 1) is the spinor metric tensor,
σE = (iσ
1, iσ2, iσ3, 1), σ¯E = (−iσ1,−iσ2,−iσ3, 1)
and σ1, σ2, σ3 are the Pauli matrices. Explicitly
(Σ1) =
( −i 0
0 i
)
, (Σ2) =
(−1 0
0 −1
)
, (Σ3) =
(
0 i
i 0
)
, (Σ4) =
(
0 −1
1 0
)
,
(Σ¯1) =
(
i 0
0 −i
)
, (Σ¯2) =
(−1 0
0 −1
)
, (Σ¯3) =
(
0 −i
−i 0
)
, (Σ¯4) =
(
0 1
−1 0
)
,
(Σ1,2) =
1
2
(
i 0
0 −i
)
, (Σ1,3) =
1
2
(
0 1
−1 0
)
, (Σ1,4) =
1
2
(
0 i
i 0
)
,
(Σ2,3) =
1
2
(
0 i
i 0
)
, (Σ2,4) =
1
2
(
0 −1
1 0
)
, (Σ3,4) =
1
2
(
i 0
0 −i
)
,
(Σ¯1,2) =
1
2
( −i 0
0 i
)
, (Σ¯1,3) =
1
2
(
0 1
−1 0
)
, (Σ¯1,4) =
1
2
(
0 i
i 0
)
,
(Σ¯2,3) =
1
2
(
0 −i
−i 0
)
, (Σ¯2,4) =
1
2
(
0 1−1 0
)
, (Σ¯3,4) =
1
2
(
i 0
0 −i
)
. (A.10)
Relations similar to the ones for the Pauli matrices hold for the Σ-s
[Ned15, Appendix].
b) The N -extended complex superconformal algebra is isomorphic to
sl(4|N) superalgebra, for N 6= 4. Generators: even – Eαβ , Eα˙β˙ , Eαβ˙ , Eα˙β (gen-
erate sl(4) part), EAB (generate sl(N) part), Y (U(1) part); odd – E
α
A, E
α˙
A,
EAα , E
A
α˙ , α, β, α˙, β˙ = 1, 2, A,B = 1, 2, . . . , N .
Let eij , i, j = 1, 2, . . . , 4 +N are (4 +N)× (4 +N) matrices with entries
(eij)
k
l = δ
ikδjl. Let 1˙ ↔ 3, 2˙ ↔ 4, when α˙, β˙, γ˙, . . . are used with the e-s.
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Then the matrix realization is
Eαβ = −eαβ +
1
4
δαβ (
∑
γ
eγγ +
∑
γ˙
eγ˙γ˙) , E
α˙
β˙
= −eα˙
β˙
+
1
4
δα˙
β˙
(
∑
γ
eγγ +
∑
γ˙
eγ˙γ˙) ,
Eα
β˙
= −eα
β˙
, Eα˙β = −eα˙β , EAB = −eA+4B+4 +
1
N
δAB
∑
C
eC+4C+4 ,
EαA = −eαA+4 , Eα˙A = −eα˙A+4 , EAα = −eA+4α , EAα˙ = −eA+4α˙ ,
Y = − 1
4−N
(
N(
∑
γ
eγγ +
∑
γ˙
eγ˙γ˙) + 4
∑
C
eC+4C+4
)
. (A.11)
Generators Eαβ , E
α˙
β˙
, Eα
β˙
, Eα˙β satisfy commutation relations (A.4) and the
relation (A.5). The other nonzero (graded) commutators are:[
EAB , E
C
D
]
= δADE
C
B − δCBEAD ,
[
Eαβ , E
γ
A
]
= − δγβ EαA +
1
4
δαβE
γ
A,
[
Eαβ , E
A
γ
]
= δαγ E
A
β −
1
4
δαβE
A
γ ,[
Eα˙
β˙
, EγA
]
=
1
4
δα˙
β˙
EγA,
[
Eα˙
β˙
, EAγ
]
= − 1
4
δα˙
β˙
EAγ ,[
Eα˙β , E
γ
A
]
= − δγβ Eα˙A,
[
Eα
β˙
, EAγ
]
= δαγ E
A
β˙
,
[
Eαβ , E
γ˙
A
]
=
1
4
δαβE
γ˙
A,
[
Eαβ , E
A
γ˙
]
= − 1
4
δαβE
A
γ˙ ,[
Eα˙
β˙
, Eγ˙A
]
= − δγ˙
β˙
Eα˙A +
1
4
δα˙
β˙
Eγ˙A,
[
Eα˙
β˙
, EAγ˙
]
= δα˙γ˙ E
A
β˙
− 1
4
δα˙
β˙
EAγ˙ ,[
Eα
β˙
, Eγ˙A
]
= − δγ˙
β˙
EαA,
[
Eα˙β , E
A
γ˙
]
= δα˙γ˙E
A
β ,
[
EAB , E
γ
C
]
= δACE
γ
B −
1
N
δABE
γ
C ,
[
EAB , E
C
γ
]
= − δCBEAγ +
1
N
δABE
C
γ ,[
EAB , E
γ˙
C
]
= δACE
γ˙
B −
1
N
δABE
γ˙
C ,
[
EAB , E
C
γ˙
]
= − δCBEAγ˙ +
1
N
δABE
C
γ˙ ,
[
Y, EγC
]
= EγC ,
[
Y, ECγ
]
= −ECγ ,
[
Y, Eγ˙C
]
= Eγ˙C ,
[
Y, ECγ˙
]
= −ECγ˙ ,
[
EAα , E
γ
C
]
= − δACEγα − δγαEAC −
4−N
4N
δACδ
γ
αY ,
[
Eα˙A, E
C
γ
]
= − δCAEα˙γ ,[
EAα˙ , E
γ˙
C
]
= − δACEγ˙α˙ − δγ˙α˙EAC −
4−N
4N
δACδ
γ˙
α˙Y ,
[
EαA, E
C
γ˙
]
= − δCAEαγ˙ .
(A.12)
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The relation with the generators from a) is:
Ωµ,ν = (Σµ,ν)
α
β E
β
α + (Σ¯µ,ν)
α˙
β˙
Eβ˙α˙ , H =
1
2
( 2∑
α=1
Eαα −
2∑
α˙=1
Eα˙α˙
)
,
Tµ = − (Σ¯µ)αβ˙ Eβ˙α , Cµ = − (Σµ)α˙β E
β
α˙ , AAB = EAB , R = −
1
2
Y,
QAα = 2E
A
α , S
α
A = 2E
α
A, Q¯
α˙
A = 2E
α˙
A , S¯
A
α˙ = 2E
A
α˙ . (A.13)
Remark: For N = 4, the sl(4|4) superalgebra is not simple, it contains an
one-dimensional ideal I, generated by identity matrix (which is an sl(4|4)-
matrix). In this case the extended superconformal algebra is isomorphic to
psl(4|4) := sl(4|4)/I.
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